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Conditions for the solvability of certain embedding problems can be given in
terms of the existence of elements with certain norm properties. A classical
Ž .example, due to Witt 1936, Crelle’s J. 174, 237245 , is that of embedding a Klein
extension into a dihedral extension. In ‘‘Construction de p-extensions Galoisiennes
Ž .d’un corps de caracteristique differente de p’’ 1987, J. Algebra 109, 508535 ,´ ´
Massy finds this type of condition for central p-extensions of an abelian group of
exponent p. In this paper we generalize the results of Massy to the case of central
p-extensions of any abelian group. In the last section we discuss the reason for our
interest in these problems: they appear in the theory of elliptic -curves if one is
interested in computing representatives with especially good arithmetic properties
in the isogeny class of a given curve.  2001 Academic Press
1. CENTRAL EMBEDDING PROBLEMS WITH KERNEL
OF ORDER p
Ž .For every profinite group G and continuous left G-module A,
iŽ .H G, A denotes the corresponding continuous cohomology group. We
use left exponentiation to denote the action of the group G and of the ring
  G on the elements of the module A.
Ž .Let Kk be a finite Galois extension with Galois group GGal Kk .
Let p be a prime number, C a cyclic group of order p considered as ap
G-module with trivial action, and
˜ c : 1 C GG 1p
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  2Ž .a central extension corresponding to a two-cycle class c H G, C .p
 The extension Kk and the 2-cocycle class c determine an embedding
Ž  .problem that we denote by Kk, C , c , whose solutions are the exten-p
˜sions EK such that Ek is Galois with Galois group isomorphic to G,
Ž . Ž .and the natural map Gal Ek Gal Kk of Galois theory corresponds
 to the epimorphism in the exact sequence c .
Ž .Let G Gal kk be the Galois group of a separable closure of kk
containing K. By a theorem of Hoechsmann, we know that the obstruction
Ž  .  to the solvability of Kk, C , c is given by the element Inf c p
2Ž .H G , C .k p
Throughout this paper we assume that char k p and that k contains
 the pth roots of unity:   k . Hence, the Galois action of G on kp k
restricts to the trivial action on the subgroup   k . From now on, letp
   denote an arbitrary but fixed primitive pth root of unity.p p
2Ž .Choosing an isomorphism C   , we may identify H G , C withp p k p
2Ž .the group H G ,  , which is well known to correspond to the p-torsionk p
2Ž . Ž . Ž .subgroup Br k of the Brauer group Br k H G , k . In this situa-p k
tion one may try to express the obstructions to the solvability of embed-
ding problems as products of simple algebras. Given elements a, b k
Ž . Ž .we denote as usual by a, b  Br k the class of the cyclic algebra ofp
dimension p2 generated over k by two elements i, j with
i p a, j p b , ji  ij.p
Ž  .The solutions of the embedding problem Kk,  , c are the fieldspp
 Ž .'K  for the elements  K such that there is a map   : G K
 p Ž .  	1with    and such that the map  ,      , which is a   
 two-cocycle of G with values in  , represents the two-cocycle class c .p
 Ž .  	1Conversely, if   : G K is a map such that c  ,        
takes values in  , then c is a 2-cocycle of G with values in the trivialp
Ž  .G-module  and the embedding problem Kk,  , c is solvable.p p
Moreover, we can take as a solution of this embedding problem the field
Ž .'K  for any element  K of the form
x
 , x K , 1Ž .Ý pG
whose existence comes from the theorem of linear independence of
homomorphisms. We call such maps  splitting maps for the 2-cocycle c.
The knowledge of the solutions of an embedding problem is equivalent to
the knowledge of a splitting map for a 2-cocycle defining it.
Ž  .We say that  is a solution of the problem Kk,  , c .p
 Every 2-cocycle class c can be represented by normalized cocycles, i.e.,
Ž . Ž .cocycles c with c  , 1  c 1,  for all G.
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Ž .Let G. For an element x K we denote by N x the norm of x
² : ² :with respect to the extension KK , with  the cyclic subgroup of G
generated by  . If r is the order of  in G we define
c   c 1,  c  ,  c  2 ,   c  r	1 ,  .Ž . Ž . Ž . Ž . Ž .





If  is a splitting map for the 2-cocycle c then c    
Ž .N  . 
Given  , G we define
	1c  ,   c  ,  c  ,  .Ž . Ž . Ž .
Ž .Using the relation that a 2-cocycle must satisfy one checks that c  , 
Ž . Ž . Ž Ž . c  ,  c  ,  if  commutes with  and with  resp. c  , 
Ž . Ž . . c  ,  c  ,  if  commutes with  and with  . In particular, the
map c : GG  is bilinear if G is an abelian group.p
 The following lemma is essentially a reformulation of 2, Lemme 3 :
Ž  .LEMMA 1.1. Assume that the embedding problem Kk,  , c is unob-p
Ž .structed. Let HGGal Kk be an abelian subgroup such that
Ž .  Ž .i c   1 for all H, and
Ž . Ž .ii c  ,   1 for all  , H.
Then, the problem admits a solution  with  K H.
² : ² :Proof. Let H     be a decomposition as a product of1 r
² : ² : H icyclic groups. Let’s denote H      and K  K , withi 1 i i
K K  K    K  K H. Assume that   K is a solution of0 1 r i	1 i	1
the problem for some i 1, . . . , r. Let  : G K be a splitting map
corresponding to it. If H ,     p and hence    .i	1 i	1 i	1  i	1  p
Ž .By ii , if H ,i	1
   	1 c  , Ž .    ii i i   1, 	1i c  ,    Ž . i   i i i
Ž . Ž .and it follows that   K . By i , N   1 and, by Hilbert’s i	1  i i i
Theorem 90, there exists an element x K with   i xx	1. Definei	1  i
   x	p. This is also a solution of the embedding problem; it belongsi i	1
to K and sincei	1
 i  i  i x	pi i	1 p 	p     1, 	p i i  xi i	1
it belongs to K . Hence, if the embedding problem is solvable we mayi
begin with a solution   K K and, repeating the previous process, we0 0
Hobtain a solution   K  K .r r
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Ž .If c is a 2-cocycle of the group GGal Kk , a splitting map  : G
K for it is completely determined by its values in any set of generators of
Ž .G and by the values of the cocycle c . Given a 2-cocycle c, the following
lemma gives necessary and sufficient conditions for a set of values   K
attached to a set of generators  of G to be extended to a splitting map
Ž for c. We remark that the result just reflects the decomposition see 1,
.Corollary 2.4, p. 21
n n
2 2H G ,   H G ,   Hom G G ,  .Ž . Ž .Ł Ł Łi p i p i j pž /i1 i1 1ijn
LEMMA 1.2. Let c be a 2-cocycle oer a group G and let GG  1

 4G be the internal direct product of its subgroups G . Let  be sets ofn i   Gi i i
elements of K such that
Ž . Ž .  i 	1i c  ,      if  ,  G for 1 i n, andi i     i i ii i i i
Ž .  i	1 Ž . j	1ii   c  ,   if  G and  G for 1 i, j n. i j  i i j jj i
Ž .Then, there exists a unique splitting map  : G  for the 2-cocycle cp
that takes the alues  on elements  G for eery 1 i n. i ii
Proof. Given G we write     with  G . If such a1 n i i
splitting map  exists it has to be given in terms of the  and the i
2-cocycle c by the formula
 1  1   n	 1  1 2 n  . 2Ž . c  ,    c  ,     c  , Ž . Ž . Ž .1 2 n 2 3 n n	1 n
Hence we only have to check that this expression defines a splitting map
for c. Doing this for the general case would involve rather complicated
identities coming from the 2-cocycle properties. Instead, we may proceed
recursively. We first consider the case n 2. Let    and   1 2 1 2
Ž .be two elements of the internal direct product GG G . By 2 one1 2
has
 1  1   1 2 1 2  ,   . c  ,  c  , Ž . Ž .1 2 1 2
Then, since the element   G has the decomposition  
Ž .Ž .    G G ,1 1 2 2 1 2
 1 12 121 	1 11	1        1 2 1 2 1 1 2 2	1    .   	1c  ,  c  ,  c   ,  Ž . Ž . Ž .1 2 1 2 1 1 2 2
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Ž . 	1 Ž .1 	1 Ž .Now, using i , we replace   with c  ,   , then using ii we   1 1 1 1 1 11Ž2	1 . Ž .1Ž1	1 . Ž .replace  with c  ,   , and using again i we replace 2 1 1 211Ž 2 	1 . Ž .   with c  ,  . At this point we have obtained the    2 22 2 2 2
expression
c  ,  c  ,  c  ,  c   ,  Ž . Ž . Ž . Ž .1 1 2 1 2 2 1 1 2 2 	1    .   c  ,  c  ,  c  , Ž . Ž . Ž .1 2 1 2 1 2
Now, using the 2-cocycle property of the map c, we first replace
Ž . Ž . Ž . Ž .c  ,  c  ,  with c  ,   c   ,  , then replace in the numer-2 1 1 2 2 1 2 2 1 2
Ž . Ž . Ž . Ž .ator c  ,  c   ,   with c  ,    c  ,   and in the denom-1 1 1 1 2 2 1 1 2 2 1 2 2
Ž . Ž . Ž . Ž .inator c   ,  c  ,  with c  ,   c  ,  . After simplification of1 2 2 1 2 1 2 2 2 2
terms we have
c  ,   c  ,   Ž . Ž .2 1 2 1 2 1 2 	1     c   ,    c  , Ž . Ž .   1 2 1 2c  , Ž .1 2
and the case n 2 is checked.
For the general case we proceed recursively: Assume that the values  i
have already been extended to a splitting map for c on the subgroup
HG  G . Then, given  G and     H, apply-2 n 1 1 2 n
Ž .ing ii , and using the fact that  commutes with each other, it isi
Ž .immediate from the formula 2 to check that
	1 	11   c  ,   .Ž . 1  	11
Ž . Ž .Then the properties i and ii are both satisfied by the decomposition
GG H and we apply the case n 2.1
In the case of an abelian group expressed as the direct product of cyclic
subgroups, the conditions can be stated only in terms of generators of the
cyclic subgroups.
COROLLARY 1.3. Let Kk be an abelian extension, and let G
Ž . ² : ² :Gal Kk      be a decomposition as a direct product of1 n
Ž  .cyclic subgroups. Then, the embedding problem Kk,  , c is solable if ,p
and only if , there exist elements  , . . . ,   K with1 n
Ž . Ž .  Ž .i N   c  for 1 i n, and i ii
Ž .  i	1 Ž . j	1ii   c  ,   for 1 i, j n.j i j i
Moreoer, in that case there exists a unique splitting map  for c with    ii
for all 1 i n.
² :Proof. Let G   . By the previous lemma it is immediate that thei i
Ž . Ž .conditions i and ii are necessary for the problem to be solvable.
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Ž . Ž .Conversely, assume given elements  satisfying the properties i and ii .i
Let r denote the order of the group G . Let c be a normalized cocyclei i




 u	 1i i
u  u	1i c 1,  c  ,  . . . c  , Ž . Ž . Ž .i i i i i
Ž u u. 
u
i 	1 Ž . Ž .u  u
and check that c  ,      using i . Moreover, from iii i   i i i
and the bilinearity of c in abelian groups we obtain the identities
 ui 	1 Ž u  .

j 	1
 u  c  ,   . Hence we may apply the lemma and deduce i j j i
the existence of a splitting map for the cocycle c extending the values
   . ii
2. EMBEDDING PROBLEMS OVER ABELIAN GROUPS
Let Kk be abelian. The study of central embedding problems over
Kk with kernel of order p can be easily reduced to that of such
embedding problems over the maximal subextension of Kk of pth power
Ž .order. Hence, we may assume that GGal Kk is an abelian p-group.
Let n denote the number of cyclic components in a decomposition of G as
a direct product of cyclic groups.
Let K be the subfield of Kk fixed by G p. The extension K k is thep p
maximal subextension of Kk with Galois group of exponent p,
p
p n 'Ž . Ž . Ž .gal K k GG  p . By Kummer theory K  k S for somep p
finite subgroup S kk p and we have a nondegenerate pairing
p'a
 , a  : Gal K k  S  .Ž . Ž .p p p'a
Every group homomorphism 	 : G p factors through GG p and
can be written as
p p 	 Ž .' 'a   ap
for some a S; we will denote by 	 this homomorphism.a
The 2-Cocycles c . Given a, b S let c be the map GG A, B a, b p
defined by
c  ,    	aŽ .	 bŽ . ,  , G.Ž .a , b p
This map c is a two-cocycle of G with values in  ; its cohomology classa, b p
2Ž .in H G,  can be viewed as a multiplicative version of the cup productp
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2Ž .	  	 H G,p . The multiplicative properties c  c ca b a a , b a , b a , b1 2 1 2 and c  c c are easily checked. The class Inf c a, b b a, b a, b a, b1 2 1 22Ž . Ž . Ž . ŽH G ,   Br k is that of the cyclic algebra a, b see e.g., Serre’sk p p
. 
 4 
 4Corps locaux . In general, if A a and B b are twoi 1 im i 1 im
ordered sets of elements of S we denote by c the product of the c .A, B a , bi i
If g , . . . , g is a basis of the group S, from the multiplicative behavior of1 n
c it is clear that every cocycle c can be written by taking as the set Aa, b A, B

 4a subset of g , . . . , g . If we define the group homomorphism1 n
m
  p  p	 Ž .aib : G k k ,  b   b mod k .Ž . Ž .Ł i
i1
Then, the map c is given by the formulaA, B
p
'b Ž .
c  ,   . 3Ž . Ž .pA , B 'b Ž .
We remark that the cocycles c are normalized.A, B
The 2-Cocycles c . Let 
 : G k be a character. For every G we
p'choose a pth root 
  . The mapŽ .
	1p p p' ' 'c  ,   
  
  
  4Ž . Ž . Ž . Ž . Ž .

 is a two-cocycle of G with values in  whose cohomology class c p 

2Ž .H G,  does not depend on the choice of the pth roots. The cocycle cp 

is normalized if we choose 1 as the pth root of 1. If 
 , i 1, 2, are twoi
 such characters, we have the multiplicativity of cohomology classes c
 
1 2   c c . In the particular case that 
 is of order p, the fixed field of
 
1 2 p'Ž .ker 
 is of the form L k a for a generating a cyclic subgroup of
  p Ž . 	aŽ .  k k ; if we choose a such that 
    , then the class Inf c p 

2Ž . Ž . Ž .H G ,   Br k is that of the cyclic algebra a,  .k p p p
2Ž .Computation of H G,  . Our objective is to show that the classes ofp
2Ž .the 2-cocycles of types c and c generate the group H G,  and toA, B 
 p
find a basis for that group in terms of this kind of element. We first fix
some notation. Let  , . . . ,  be a basis of the group G; i.e., G is the1 n
direct product of the cyclic groups generated by the  . We denote by ri i
the order of the generator  . Let 	 : G p be the basis ofi i
Ž . Ž .Hom G,p with 	   1 or 0 depending on j i or j i. Fori j
every i, let d  S be the element such that 	  	 ; in particular,i i d ip
 Ž
 . Ž . Ž .K  k d . Let 
 : G k be the basis of Hom G, k with 
  'p i i i j
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 or 1 depending on whether j i or j i, where  is a root of unity ofr ri i
exact order r , which we assume to be chosen such that  r i p  .i r pi
 The following result generalizes those of 2, Section 1 .
2Ž .THEOREM 2.1. Eery element of H G,  is the class of a 2-cocyclep
 
 4c c for a character 
 : G k and a pair of sets A a and
 A, B i 1 im





 d , di i j1 in 1ijn
2Ž .is a p-basis of H G,  .p
Proof. Let c be any 2-cocycle of G with values in  . The valuesp
c   c 1,  c  ,   c  r i	1 ,    andŽ . Ž . Ž . Ž .i i i i i i p
c  , Ž .i j
c  ,    Ž .i j pc  , Ž .j i
  2Ž .are invariants of the cohomology class c H G,  , and the mapsp
   Ž .   Ž .c  c  and c  c  ,  are p-linear. For the 2-cocycles ci i j 
 i
and c one computesd , di j
 , i u , pc   c   ,   1Ž . Ž . Ž . Ž .
 u 
 u i i½ 1, i u ,
and
 , i u , j , pc   1, c   ,  Ž . Ž .Ž . Ž .d d u d , d u i j i j ½ 1, otherwise.
2Ž .Hence, all these elements are independent in H G,  .p
  2Ž .Now, given any 2-cocycle class c H G,  , letp
˜1  GG 1p
be the corresponding group extension. Then, the 2-cocycles representing
Ž . Ž . Ž . Ž .	1this class can be obtained by the formula c  ,         for
˜ ˜maps  : GG that are sections of the epimorphism GG. Consider
Ž .the section defined as follows: For every i 1, . . . , n we take as   anyi
˜preimage of  in G and then definei
n
ui    Ž . Ž .Ł i
i1
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if G is written as
n
ui  , 0 u  n .Ł i i i
i1
Let c be the 2-cocycle obtained from this section . We claim that the
 Ž . Ž .values of c are completely determined by the values c  and c  ,  .i i j
Indeed, for 0 u,  n we havei
	1u  u  u
c  ,        Ž . Ž . Ž . Ž .i i i i i
1, u
 n ,i
 r i½    c  , u
  n ,Ž . Ž .i i i
Ž . Ž . Ž . Ž . Ž .and since for every  , G,      c  ,      , the values
	1c  ,        Ž . Ž . Ž . Ž .
 Ž . Ž .are completely determined by the c  and the c  ,  . Since everyi i j
 Ž . Ž .possible value for c  and c  ,  is attained by some 2-cocycle ci i j
2Ž .that is a linear combination of c and c , every element of H G, 
 d , d pi i j
is the class of such a linear combination.
We remark that an immediate consequence of this theorem is the
2Ž . Ž .well-known fact that the p-dimension of H G,  is n n
 1 2.p
 The 2-cocycle c c c is symmetric if, and only if, the class c is
 A, B A, B
Ž .trivial. Hence, the elements of the subgroup Ext G,  , corresponding top
extensions of G by  that are abelian groups, are the classes of thep
Ž .2-cocycles of type c . In particular, we recover the fact that Ext G,  is
 p
of dimension n.
  2Ž .The cohomology classes c H G,  are the inflation of elements
 p
2Ž Ž . .of H Gal Lk ,  , where Lk is the cyclic subextension of Kk fixedp
  2Ž .by ker 
 . The cohomology classes c H G,  are the inflation ofA, B p
2Ž p .elements of H GG ,  . Hence, the embedding problems over abelianp
extensions Kk can be reduced to embedding problems over extensions of
type LK composition of a cyclic extension Lk of degree a power of pp
and an abelian extension K k with Galois group of exponent p.p
3. A CRITERION FOR SOLVABILITY
In this section we give a criterion for the solvability of an embedding
problem over an abelian extension Kk in terms of the existence of
elements of K having prescribed norms to certain subfields. In order to
state the criterion in a way that is most useful in practice we must first
carefully specify the data determining the embedding problem.
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The Embedding Problem. Let Lk be a cyclic extension of degree a
Ž .power of p and let 
 : Gal Lk  k be an injective homomorphism.
Let Mk be an abelian extension with Galois group of exponent p and

 4   pA a , . . . , a a basis of the subgroup of k k corresponding to it by1 m
Kummer theory. We assume that if LM k then the basis A has been
p
Ž . 
 4chosen with LM k a . Let B b , . . . , b be any subset of' 1 1 m
p p
  p Ž .k k . Denote by K the field LM b , . . . , b . Let c be the' '1 m A, B
Ž . Ž Ž .2-cocycle defined by 3 and let c be the inflation from Gal Lk to

Ž . . Ž .Gal Kk of the 2-cocycle defined by 4 , which we assumed to be
normalized. The embedding problem we will deal with is the problem
corresponding to the 2-cocycle c c c ; it is clear that every embedding
 A, B
problem over an abelian p-group corresponding to a central p-extension
can be expressed in that way.
Decomposition of K. Consider the decomposition of K as a composi-
tum of linearly disjoint extensions of k,
1, LM k ,p p
pK L  k a  k a  N , e' 'e mž / ž / 2, LM k a ,½ ' 1ž /
p
Ž .where N is obtained by adjoining to k some of the b . Let  if L k ,' i 0
Ž . , . . . ,  ,  , . . . ,  be a basis of the group GGal Kk reflecting thate m 1 s
Ž .decomposition. Namely, if L k,  restricts to a generator of Gal Lk0p
Ž .and acts trivially on the k a for i e, . . . , m and on N. For every' i
p
Ž Ž . .i e, . . . , m,  restricts to a generator of Gal k a k and acts trivially'i i
p
Ž .on L, on the k a if j i and on N. Finally, the  act trivially on LM' j i
Ž .and their restrictions to N are a basis of the group Gal Nk . If L k,
let r denote the order of  , which is a nontrivial power of p . All the0 0
other generators  , e im, and  , 1 i s, have order p.i i
THEOREM 3.1. Under the assumptions of the preious two paragraphs, the
Ž  .embedding problem Kk,  , c is solable if , and only if , there existp
elements  ,  , . . . ,   LM such that0 e m
Ž .i If L k,
 , e 1,
N   with  c  ,Ž . Ž . 0 0r p0 ½  b , e 2,1
Ž . Ž .ii N   b for e im, and i ii
Ž .  i	1  j	1iii    for all i, j.j i
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Moreoer, in that case there exists a splitting map  for the cocycle c with,
if L k,
 , e 1,0
p 0 ½   b , e 2,'0 1
 i
  , e im ,   1, 1 i s.p i i
b' i
and eery solution  corresponding to it belongs to the subfield LM K.
Ž .Proof. We denote by H the subgroup Gal KLM G, and we iden-
tify it by restriction with the Galois group of the extension Nk. To
simplify the exposition of the proof we will assume that L k, the case
L k being analogous.
Assume that the problem is solvable. Then, since





c  ,    1, if Gal KM ,Ž . Ž .pA , B 'b Ž .
Ž .it follows that c  ,   1 if H. In particular, conditions of Lemma 1.1
are satisfied and there exists a solution  K H  LM. Let  : G K
be a splitting map corresponding to this solution; modifying the  by
Ž .  	1values of  we may assume that the cocycle  ,      is thep   
cocycle c we are dealing with. We define
 , e 1, 0 p  and    b , i e, . . . , m.'p0 i  ii b , e 2,' 10
We first show that these elements, a priori in K , belong to the subfield
H Ž .LM. Let H. Then,  K     and, for every G, c  ,  p
 1. It then follows that we have the formula
   	1 c  , Ž .    	1   c  ,  .Ž . 	1 c  ,    Ž .   
p p
Ž . Ž .' 'Now, since c  ,   b   b  and recalling that b   1 orŽ . Ž . 0
Ž .b depending on whether e 1 or 2 and that b   b for i e, . . . , m,1 i i
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we obtain
0  c  ,   1, e 1,Ž .0  00  p    b'0  1 	10  c  ,  c  ,   1, e 2,Ž . Ž .p 0 0  b' 10
p   b ' ii 	1i  c  ,  c  ,   1, i e, . . . , m.Ž . Ž .p i i i  b' ii
Hence the  belong to LM.i
Ž . Ž .  Ž .Now we check i and ii . Since c    ,0
 N   c    , e 1,Ž .Ž .  00 0N  Ž . p p 00 r pN  b  N b   b , e 2,' '  1  1 1ž / ž /0 0 0
 Ž .and, since c   1 for i e, . . . , m,i
p p
N  N  b N b  b , i e, . . . , m.Ž . ' ' i   i  i iž / ž /i i i i
Ž .Finally, we check condition iii ,
p  	1  0 00 0  b    c  , ' Ž . i i i 0 0 ii 0   c  ,   1Ž .p A , B i 0 	1 ii  i  c  , Ž . i 0 i 0 b '0  i i 0
if e 1, i e, . . . , m, and
p p j	1  jj j b b'  '   c  ,  c  , Ž . Ž .i j i i j j i A , B i ji j    1p p  	1 i ii  i    c  ,  c  , Ž . Ž . i j   i j A , B j ib b'j i j 'i j
if e im and e jm or j 0 and e 2.
Ž . Ž .Assume now that the conditions i  iii are satisfied and let  and  i i
be the elements defined from  as in the statement of the theorem. Theni
we might just check that these elements  satisfy the conditions of
Corollary 1.3, and this is straightforward using the same type of formulas
and relations that already appeared in the first part of the proof.
 In 2 Massy uses a different argument to prove this theorem for the
Ž .particular case that the group Gal Kk has exponent p: in the course of
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the proof he constructs a solution  of the embedding problem using the
  . Moreover, in 5 another construction of a solution is given by Swallowi
for the case studied by Massy, also depending on the  .i
Anyway, the most difficult step for the computation of an explicit
solution of one of our embedding problems is to find the elements  i
satisfying the required norm properties. Once these elements are found,
one just computes the  as in the statement of the theorem and uses i
Ž .formula 1 with an appropriate choice of x K.
4. EXAMPLES
We give some examples corresponding to the field k and prime
p 2. For abelian extensions K of exponent 2, i.e., when the character
   
 is trivial or quadratic, some examples are given in 2 and 5 . The
examples given here correspond to characters 
 of order  2.
We identify Galois characters with Dirichlet characters using class field
theory.
  2Ž 
 4.In order to compute the obstruction Inf c H G , 1 we may use
2Ž 
 4. 2Ž 
 4.the embedding of H G , 1 in the product Ł H G , 1 for the l  l
Ž .primes l including the infinite prime and the identification of every
2Ž 
 4. 
 4H G , 1 with 1 . Then, the local component of a quaternion l
Ž . 2Ž 
 4.algebra a, b H G , 1 at a prime l is given by the Hilbert
 symbol, the local component of Inf c at a finite prime l is the parity of

the l-component of the character 
 and, by the product formula, the
Ž .component at the infinite prime is 
 	1 .
EXAMPLE WITH n 1, r 4, e 2. Let a  5 and b  2. Let 
 be a1 1
Dirichlet character of order 4 and conductor 20, and let L be the cyclic
extension of degree 4 corresponding to it. A primitive element for the field
1 ' 'Ž .'L is  5
 5 , and it contains the field  5 as its quadraticŽ .2
' 'Ž . Ž .subfield. Since M 5 we are in the case e 2. Let K L  2 ,
Ž . ² :which is an abelian extension with Galois group GGal K  0
² :   4 2, and let c be the 2-cocycle of G given by1
Ž .   2Ž 





they have nontrivial local components at the primes 2 and 5. Hence,
    Ž . Ž 
 4  .Inf c  inf c 5, 2 is trivial and the embedding problem K, 1 , c

is solvable.
Ž .By Theorem 3.1 there must be an element   L with N  0  00
Ž . 2N    b 	4. A short search provides such elements; for exam-L 0 2 1
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ple,    2	 	 1. Then, the values0
 2	 	 1
  ,   1 0 1'2
extend uniquely to a splitting map for the cocycle c. Using the expression
Ž .1 with x	14, one gets the following solution of the embedding
problem:
 2 3	 5	 5.
EXAMPLE WITH n 1, r 4, e 1. Let a 	5 and b  2. Let 
1 1
be the same Dirichlet character of the previous example; hence L and
'Ž . are also the same. Now the field M 	 5 is not contained in L
'Ž .and we are in case e 1. The field K LM  2 has Galois group
Ž . ² : ² : ² :GGal K        4 2 2. Since0 1 1
Ž . Ž . Ž . Ž 
 4  .	5, 2  5, 2 in Br  the problem K, 1 , c , with c2




Ž .By Theorem 3.1 there must be elements  ,   LM with N  0 1  00
Ž . 0	1 1	1	1 N   2, and    . One finds, for example, 1 1 01
2 3 2 3	3
 2
 2 	  	5
 4 	  '  
 	 5 ,0 2 10
25	 2 ' 	1
 	 5 ,1 5
and from these elements one computes the following solution of the
embedding problem:
2 3 2 3 ' 25	 15	 5 
 5 
 15	 5	 5 
  	 5 .Ž .

 4 
 4EXAMPLE WITH n 2, r 4, e 2. Let A 5,	2 , B 2,	3 ,
and 
 be a Dirichlet character of order 4 and conductor 5. The cyclic field
Ž .L is the cyclotomic field   obtained adjoining to  a primitive fifth
' 'Ž .root of unity  . The field M 5 , 	 2 has nontrivial intersection
'Ž .with L, equal to  5 , hence we are in the case e 2. The field
' 'Ž . Ž . ² : ² :K LM 2 , 	 3 has Galois group Gal K     0 2
² : ² : Ž .3 Ž .Ž .    4 2 . The product 5, 2 	2,	3 coincides1 2
 with the class c in the Brauer group: The nontrivial local components

are for the prime 5 and the infinite prime. The embedding problem over
 K corresponding to the class c c is solvable.
 A, B 'Ž .One finds elements  and  in the field LM  , 	 2 with0 2
Ž . Ž . 0	1  2	1N  	4, N  	3, and    . For example, 0  2 2 00 2






  	 2 ,Ž . Ž .0




 2 		 2 	  	 2 .Ž .2
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And, using them, one computes the following solution for the embedding
problem:






  	 2 . 5Ž .Ž .
5. APPLICATION TO ELLIPTIC CURVES
As remarked in the abstract, our interest in solving the kind of embed-
ding problems studied in this paper comes from the study of elliptic
 -curves. For the theory of -curves we refer the reader to 4 and the
Žpapers referenced therein the related embedding problem appears on
.p. 297 of that paper . In this section we describe the way in which
embedding problems appear and, as an example, we show a -curve whose
study motivates the solution of the last embedding problem in the previous
section. We remark that the criterion of Section 3 for the prime p 2
 solves all the embedding problems needed in 4 .
A -curve is an elliptic curve defined over a number field that is
isogenous to all of its Galois conjugates. The property of being a -curve
Ž .is maintained by isogeny over  . Examples are the curves with complex
multiplication and the curves defined over . A generalization of the
ShimuraTaniyama conjecture predicts that the -curves are the elliptic
curves defined over number fields that are quotients of modular curves
Ž .X N for some N.1
From now on we only consider -curves C with no complex multiplica-
Ž .tion, i.e., with  End C . We say that a -curve is completely
defined over the number field K if all the isogenies between its conjugate
curves are defined over this field. Let C be a -curve completely defined
Ž .over a Galois number field K. For every Gal K choose an isogeny
 : C C. Then the map
c  ,     	1 ,  , Gal K ,Ž . Ž .K   
Ž .takes nonzero values in  End C  and defines a two-cocyle of the
Ž . group Gal K with values in the group  , viewed as a Galois module
with trivial action. The map c giving the sign of c is a two-cocycle ofK K
Ž . 
 4Gal K with values in 1 .
For example, the elliptic curve with Weierstrass equation
2 3 ' ' 'E : Y  X 	 30 35
 30 	 2 
 15 5 
 2 	 10 XŽ .
' ' '
 40 615
 315 	 2 
 63 5 
 175 	 10 6Ž .Ž .
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' 'Ž .is a -curve defined over the number field M 5 , 	 2 and com-
' 'Ž .pletely defined over the number field MN with N 2 , 	 3 . From
explicit equations for the isogenies between the Galois conjugates of E




 4c  c , A 5,	2 , B 2,	3 .M N A , B
  2Ž 
 4. Ž .Ž .The inflation Inf c H G , 1 is the product 5, 2 	2,	3 .K 
2Ž 
 4.Now let K be any Galois number field and let H K, 1 .
Consider the problem of deciding if there is a -curve isogenous to the
curve E that is completely defined over the field K and such that the
   cohomology class c is the given class  . In 4 it is shown that such aK
 curve exists if, and only if, the field K contains the field M and Inf  
Ž .Ž .5, 2 	2,	3 . Moreover, if these two conditions are satisfied, then one
can obtain a curve with these properties as the K-twist E of the curve E
Ž .'over the field K  with  K a solution of the embedding problem
over the field KN corresponding to the cohomology class
K N K N  2 
 4Inf  Inf c H KN, 1 .Ž . Ž .Ž .K M N M N
  Ž .Ž .The hypothesis that Inf   5, 2 	2,	3 ensures the solvability of this
embedding problem.
2Ž 
 4.The case where K is abelian and the element H K, 1
Ž 
 4.belongs to the subgroup Ext K, 1 is especially important: this
situation corresponds, assuming the ShimuraTaniyama conjecture, to the
fact that the zeta function of the curve E K is the product of L-series of
Ž .modular forms for congruence subgroups  N .1
In our example a field satisfies that property if, and only if, it contains a
cyclic extension L corresponding to a Dirichlet character 
 such that
  Ž .Ž .Inf c  5, 2 	2,	3 . The characters of smallest order and conductor

with this property are those of order 4 and conductor 5, corresponding to
the cyclotomic extension of the fifth roots of unity; hence, the simplest
abelian extension K satisfying the properties of the previous paragraph
'Ž .is the field K LM  , 	 2 . And, in order to find a twist E with
the required properties, we must solve the embedding problem over the
 field KN corresponding to the element c c .
 A, B
 Ž .A solution  K for this problem is 5 . An equation for the twisted
2 2 Ž .curve E can be obtained just replacing Y with Y in 6 .
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